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Emission of bremsstrahlung photons accompanying proton decay of nuclei is studied. The new improved
multipolar model describing such a process is presented. The angular formalism of calculations of the matrix
elements is stated in details. The bremsstrahlung probabilities for the 157Ta, 161Re, 167Ir and 185Bi nuclei
decaying from the 2s1/2 state, the
109
53 I56 and
112
55 Cs57 nuclei decaying from the 1d5/2 state, the
146
69 Tm77
and 15171 Lu80 nuclei decaying from the 0h11/2 state are predicted. Such spectra have orders of values similar
to the experimental data for the bremsstrahlung photons emitted during the α-decay. This indicates on
real possibility to study bremsstrahlung photons during proton decay experimentally and perform further
measurements.
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1 Introduction
Last two decades many experimental and theoretical efforts have been made to investigate the nature of the
bremsstrahlung emission accompanying α-decay of heavy nuclei [1–22] and spontaneous fission [23–36]. A key
idea of such researches consists in finding a new method of extraction of a new information about dynamics of the
studied nuclear processes from measured bremsstrahlung spectra. Parallel study of the interested type of nuclear
decay and the bremsstrahlung photons which are emitted during it, gives us more complete, richer information
about the studied nuclear process. As examples, we established dependence between nuclear deformation and
the bremsstrahlung spectrum accompanying α-decay of the 226Ra nucleus [37]. Analysis of the bremsstrahlung
emission which accompanies ternary fission of 252Cf, allow us to understand better geometry of undergoing
fission process in its first stage [38].
In our previous paper [22] we compared the bremsstrahlung spectra in α-decay of the 214Po and 226Ra nuclei,
which have similar daughter nucleus–α particle potentials, and noted a clear difference between these spectra.
In the cited paper we concluded that the different slopes of spectra were connected with the different Q-values of
α-decay for two considered nuclei (Qα = 7.83 MeV for
214Po and Qα = 4.87 MeV for
226Ra) and we confirmed
that such difference gives different contributions of emission from the tunnelling region into the total spectra.
Now I put a question: which other parameters have important influence on the bremsstrahlung spectrum?
Let us consider Figs. 4 and 7 in Ref. [32] where the calculated γ-ray emission probabilities for the spontaneous
fission of 252Cf are presented. One can see that the calculated spectrum is changed in dependence on mass split.
So, one can suppose that the emission probability should be dependent on numbers of masses and charges of the
daughter nucleus and the emitted fragment. The idea in Ref. [39] about influence of the electromagnetic charge
of the daughter nucleus on the bremsstrahlung probability reflects this property only partially while effective
charge of the decaying system is connected with such property more directly. Now if to consider the formula of
the bremsstrahlung probability (for example, see (1) in [16]) then one can find its direct dependence on square
of the effective charge, Z2eff , i. e. we obtain a real basis for such supposition.
As another type of decay which has larger effective charge in comparison with α-decay, the emission of
proton from nucleus can be analyzed (for example, Z2eff equals to 0.286, 0.285, 0.288 and 0.303 for the proton
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emitters 157Ta, 161Re, 167Ir and 185Bi, while it equals to 0.185 and 0.16 for the α-decaying nuclei 214Po and
210Po, correspondingly). The first indication on possibility of presence of such process was given in [40] where
authors estimated the averaged over all angles spectrum for the 113Cs nucleus up to 250 keV of energy of the
emitted photons. However, the detained study of such process has never been performed. First of all, a question
is appearing whether the emission of photons accompanying such type of decay, is enough intensive to measure
it experimentally (Qp-values for proton decay are smaller than for α-decay)? We are able to calculate the
bremsstrahlung probabilities for the α-decays, which turn out to be in enough well agreement with experimental
data, without normalization of the theoretical spectra on experiment (see [41,42]). Used in such calculations, the
multipole approach (started from [11,15]) looks to be the most accurate and corrected in angular description of
the photons emission during the α-decay. It turns out that such model allows to calculate absolute values of the
probability without any normalization relatively experimental data, and achieves enough good agreement with
them. So, it could be a convenient basis for estimation of the probabilities of the bremsstrahlung photons in
the proton-decay. According to our analysis, the dipole approximation of the wave function of photons (started
from [6]) gives the overvalued spectra in absolute scale (see Fig. 9 in [43]), and by such a reason we shall not
use it in this paper.
Majority of nuclei emit protons in the state with nonzero orbital quantum number. So, from point of view
of improvement of theory, it could be useful to generalize formalism of determination of matrix element of
emission, taking into account such states. Inclusion of the states with nonzero orbital moment requires to add
spin-orbital component into potential of interaction between the daughter nucleus and proton emitted (never
considered before in this research). Note that up to-date it has not been known anything about the emission
of photons from such states. So, it could be interesting to perform such calculations, that causes necessity of
further improvement of theory of emission of bremsstrahlung photons in decays of nuclei.
This paper answers on these questions, which is organized so. At first, the improved multipole model of the
bremsstrahlung photons emitted during proton decay is presented, where emphasis is made on construction of
the angular formalism of the matrix elements and calculation of the absolute bremsstrahlung probability. On
its basis I perform theoretical study of the bremsstrahlung emission for some proton emitters, give predictions
(in absolute scale) and analyze them.
2 Model
2.1 Matrix element of transition
I define the matrix element like (2.11) in Ref. [15] (in the first correction of the non-stationary perturbation
theory with stationary limits t0 = −∞ and t1 = +∞, and with normalization |C| → 1):
afi = Ffi · 2pi δ(wf − wi + w), (1)
where
Ffi = Zeff
e
m
√
2pih¯
w
· p (ki, kf ),
p (ki, kf ) =
∑
α=1,2
e(α),∗ p (ki, kf ),
p (ki, kf ) =
〈
kf
∣∣∣∣ e−ikr ∂∂r
∣∣∣∣ ki
〉
=
∫
ψ∗f (r) e
−ikr ∂
∂r
ψi(r) dr
(2)
and ψi(r) = |ki
〉
and ψf (r) = |kf
〉
are stationary wave functions of the decaying system in the initial i-state
and final f -state which do not contain number of photons emitted, Zeff and m are effective charge and reduced
mass of this system. e(α) are unit vectors of polarization of the photon emitted, k is wave vector of the photon
and w = k =
∣∣k∣∣. Vectors e(α) are perpendicular to k in Coulomb calibration. We have two independent
polarizations e(1) and e(2) for the photon with impulse k (α = 1, 2). One can develop formalism simpler in the
system of units where h¯ = 1 and c = 1, but we shall write constants h¯ and c explicitly. Let us find also square
of the matrix element afi used in definition of probability of transition. Using the formula of power reduction
of δ-function (see [44], § 21, p. 169):
[δ(w)]2 = δ(w) δ(0) = δ(w) (2pi)−1
∫
dt = δ(w) (2pi)−1 T, (3)
2
we find (T → +∞ is higher time limit):
|afi|2 = 2pi T |Ffi|2 · δ(wf − wi + w), (4)
that looks like (4.21) in Ref. [44] (with accuracy up to factor (2pi)2) and like (42.5) in Ref. [45] (exactly, see
§ 42, p. 189).
2.2 Linear and circular polarizations of the photon emitted
Rewrite vectors of linear polarization e(α) through vectors of circular polarization ξµ with opposite directions
of rotation (see Ref. [46], (2.39), p. 42):
ξ−1 =
1√
2
(
e(1) − ie(2)), ξ+1 = − 1√
2
(
e(1) + ie(2)
)
, ξ0 = e(3) = 0. (5)
Then p (ki, kf ) can be rewritten so:
p (ki, kf ) =
∑
µ=−1,1
hµ ξ
∗
µ
∫
ψ∗f (r) e
−ikr ∂
∂r
ψi(r) dr, (6)
h± = ∓1± i√
2
, h−1 + h+1 = −i
√
2,
∑
α=1,2
e(α),∗ = h−1ξ
∗
−1 + h+1ξ
∗
+1. (7)
2.3 Expansion of the vector potential A by multipoles
In further calculations of the matrix element p (ki, kf ) the different expansions of function e
−ikr connected
with the vector potential A of the electro-magnetic field of the daughter nucleus can be used. In spherically
symmetric approximation I shall use the multipole expansion (see Ref. [46], (2.106) in p. 58):
ξµ e
ikr = µ
√
2pi
∑
l
(2l + 1)1/2 il ·
[
Alµ(r,M) + iµAlµ(r, E)
]
, (8)
where (see Ref. [46], (2.73) in p. 49, (2.80) in p. 51)
Alµ(r,M) = jl(kr)Tll,µ(nph),
Alµ(r, E) =
√
l + 1
2l + 1
jl−1(kr)Tll−1,µ(nph) −
−
√
l
2l + 1
jl+1(kr)Tll+1,µ(nph).
(9)
Here, Alµ(r,M) and Alµ(r, E) are magnetic and electric multipoles, jl(kr) are spherical Bessel functions of
order l, Tll′,µ(n) are vector spherical harmonics. We orientate the frame system so that axis z is parallel to the
vector k. The functions Tll′,µ(n) have the following form (ξ0 = 0, see Ref. [46], p. 45):
Tjl,m(n) =
∑
µ=±1
(l, 1, j
∣∣m− µ, µ,m) Yl,m−µ(n) ξµ, (10)
where (l, 1, j
∣∣m−µ, µ,m) are Clebsh-Gordon coefficients and Ylm(θ, ϕ) are spherical functions defined, according
to [45] (see p. 119, (28,7)–(28,8)).
In the spherically symmetric approximation, wave functions of the decaying system in the initial and final
states are separated into the radial and angular components, and these states are characterized by quantum
numbers l and m. We shall be interesting in such photon emission when the system transits to superposition of
all possible final states with different magnetic numbers m at the same orbital number l (for both states). So,
let’s write wave functions as
ψi(r, li) = ϕi(r, li)
∑
mi
Ylimi(n
i
r),
ψf (r, lf ) = ϕf (r, lf )
∑
mf
Ylfmf (n
f
r )
(11)
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and obtain:
p (ki, kf ) =
√
2pi
∑
l
(−i)l
√
2l + 1
[
pMl − ipEl
]
, (12)
where
pMl =
∑
µ=−1,1
µhµ p
M
lµ , p
E
l =
∑
µ=−1,1
µ2hµ p
E
lµ (13)
and
pMlµ =
+∞∫
0
dr
∫
dΩ r2 ψ∗f (r)
(
∂
∂r
ψi(r)
)
A∗lµ(r,M),
pElµ =
+∞∫
0
dr
∫
dΩ r2 ψ∗f (r)
(
∂
∂r
ψi(r)
)
A∗lµ(r, E).
(14)
Using gradient formula (see (2.56), p. 46 in [46]):
∂
∂r
ψi(r) =
∂
∂r
{
ϕi(r)
∑
mi
Ylimi(n
i
r)
}
=
=
√
li
2li + 1
(
dϕi(r)
dr
+
li + 1
r
ϕi(r)
) ∑
mi
Tlili−1,mi(n
i
r)−
−
√
li + 1
2li + 1
(
dϕi(r)
dr
− li
r
ϕi(r)
) ∑
mi
Tlili+1,mi(n
i
r),
(15)
we obtain:
pMlph =
√
li
2li + 1
IM (li, lf , lph, li − 1)×
×
{
J1(li, lf , lph) + (li + 1) · J2(li, lf , lph)
}
−
−
√
li + 1
2li + 1
IM (li, lf , lph, li + 1) ·
{
J1(li, lf , lph)− li · J2(li, lf , lph)
}
,
(16)
pElph =
√
li (lph + 1)
(2li + 1)(2lph + 1)
· IE (li, lf , lph, li − 1, lph − 1)×
×
{
J1(li, lf , lph − 1) + (li + 1) · J2(li, lf , lph − 1)
}
−
−
√
li lph
(2li + 1)(2lph + 1)
· IE (li, lf , lph, li − 1, lph + 1)×
×
{
J1(li, lf , lph + 1) + (li + 1) · J2(li, lf , lph + 1)
}
+
+
√
(li + 1)(lph + 1)
(2li + 1)(2lph + 1)
· IE (li, lf , lph, li + 1, lph − 1)×
×
{
J1(li, lf , lph − 1) − li · J2(li, lf , lph − 1)
}
−
−
√
(li + 1) lph
(2li + 1)(2lph + 1)
· IE (li, lf , lph, li + 1, lph + 1)×
×
{
J1(li, lf , lph + 1) − li · J2(li, lf , lph + 1)
}
,
(17)
where
J1(li, lf , n) =
+∞∫
0
ϕ∗f (lf , r)
dϕi(r, li)
dr
jn(kr) r
2dr,
J2(li, lf , n) =
+∞∫
0
ϕ∗f (lf , r)ϕi(r, li) jn(kr) r dr,
(18)
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IM (li, lf , lph, l1) =
∑
µ=±1
∑
mi
∑
mf
µhµ
∫
Y ∗lfmf (n
f
r )Tli l1,mi(n
i
r)T
∗
lph lph, µ(nph) dΩ,
IE (li, lf , lph, l1, l2) =
∑
µ=±1
∑
mi
∑
mf
hµ
∫
Y ∗lfmf (n
f
r )Tlil1,mi(n
i
r)T
∗
lphl2, µ(nph) dΩ.
(19)
For the case li = 0 we have essentially simpler formulas. In particular, for the matrix components we obtain:
pMlph = − IM (0, lf , lph, lph) · J (lf , lph),
pElph = −
√
lph + 1
2lph + 1
IE(0, lf , lph, 1, lph − 1) · J (lf , lph − 1) +
+
√
lph
2lph + 1
IE(0, lf , lph, 1, lph + 1) · J (lf , lph + 1),
(20)
where we use the simplified notation:
J (lf , n) = J1 (0, lf , n). (21)
Using the following value of the Clebsh-Gordon coefficient:
(110 |1,−1, 0) = (110 | − 1, 1, 0) =
√
1
3
, (22)
from (10) and (22) we obtain:
T01,0(n
i
r) =
∑
µ=±1
(110 | − µµ0) Y1,−µ(nir) ξµ =
√
1
3
∑
µ=±1
Y1,−µ(n
i
r) ξµ (23)
and for the angular integrals for transition into the superposition of all possible final f -states with different mf
at the same lf from eq. (19) we obtain:
IM (0, lf , lph, n) =
√
1
3
∑
µ=±1
µhµ
∑
µ′=±1
(n, 1, lph
∣∣µ− µ′, µ′, µ) ×
×
∫
Y ∗lfm(n
f
r )Y1,−µ′(n
i
r)Y
∗
n,µ−µ′ (nph) dΩ,
IE(0, lf , lph, 1, n) =
√
1
3
∑
µ=±1
hµ
∑
µ′=±1
(n, 1, lph
∣∣µ− µ′, µ′, µ) ×
×
∫
Y ∗lfm(n
f
r )Y1,−µ′(n
i
r)Y
∗
n,µ−µ′ (nph) dΩ.
(24)
2.4 Vectors nir, n
f
r , nph and calculations of the angular integrals at li = 0
Let us analyze physical sense of vectors nir, n
f
r and nph. According to definition of wave functions ψi(r) and
ψf (r), the vectors n
i
r and n
f
r determine orientation of radius-vector r from the center of frame system to point
where this wave functions describes the particle before and after the emission of photon. Such description
of the particle has a probabilistic sense and is fulfilled over whole space. Change of direction of motion (or
tunneling) of the particle in result of the photon emission can be characterized by change of quantum numbers
l and m in the angular wave function: Y00(n
i
r)→ Ylm(nfr ) (which changes the probability of appearance of this
particle along different directions, and angular asymmetry is appeared). The vector nph determines orientation
of radius-vector r from the center of the frame system to point where wave function of photon describes its
“appearance”. Using such a logic, we have:
nph = n
i
r = n
f
r = nr. (25)
As we use the frame system where axis z is parallel to vector k of the photon emission, then dependent on r
integrant function in the matrix element represents amplitude (its square is probability) of appearance of the
particle at point r after emission of photon, if this photon has emitted along axis z. Then angle θ (of vector
nr) is the angle between direction of the particle motion (with possible tunneling) and direction of the photon
emission.
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Let us consider the angular integral in (24) over dΩ. Using (25), we find:∫
Y ∗lm(nr)Y1,−µ′(nr)Y
∗
n,µ−µ′(nr) dΩ = (−1)l+n−µ
′+1+
|m+µ′|
2 il+n+1 ×
×
√
3 (2l+ 1) (2n+ 1)
32pi
(l − 1)!
(l + 1)!
(n− |m+ µ′|)!
(n+ |m+ µ′|)! ×
×
∫
P 1l (cos θ) P
1
1 (cos θ) P
|m+µ′|
n (cos θ) · sin θ dθ dϕ,
(26)
where Pml (cos θ) are associated Legandre’s polynomial (see [45], p. 752–754, (c,1)–(c,4); also see [46] (2.6), p. 34)
and the following restrictions on possible values of m and lf have been obtained:
m = −µ = ±1, lf ≥ 1, n ≥ |µ− µ′| = |m+ µ′|. (27)
Let us introduce the following differential matrix elements dpMl and dp
E
l dependent on the angle θ :
d pMl
sin θ dθ
= ilf+lph+1 J(lf , lph)
∑
m=±1
mh−m
∑
µ′=±1
Cmµ
′
lf lphlph
fmµ
′
lf lph
(θ),
d pEl
sin θ dθ
= −ilf+lph
√
lph + 1
2lph + 1
J(lf , lph − 1) ×
×
∑
m=±1
h−m
∑
µ′=±1
Cmµ
′
lf ,lph,lph−1
fmµ
′
lf ,lph−1
(θ)−
− ilf+lph
√
lph
2lph + 1
J(lf , lph + 1) ×
×
∑
m=±1
h−m
∑
µ′=±1
Cmµ
′
lf ,lph,lph+1
fmµ
′
lf ,lph+1
(θ),
(28)
where
Cmµ
′
lf lphn
= (−1)lf+n+1−µ′+ |m+µ
′|
2 (n, 1, lph
∣∣−m− µ′, µ′,−m) ×
×
√
(2lf + 1) (2n+ 1)
32pi
(lf − 1)!
(lf + 1)!
(n− |m+ µ′|)!
(n+ |m+ µ′|)! ,
fmµ
′
lfn
(θ) = P 1lf (cos θ) P
1
1 (cos θ) P
|m+µ′|
n (cos θ).
(29)
One can see that integration of functions (28) by angle θ with limits from 0 to pi gives the total matrix elements
pMl and p
E
l exactly for transition into superposition of all possible final states with different mf at the same lf .
We shall find the matrix element at the first values of lf and lph. We have lf = 1, lph = 1. Calculating
coefficients Cmµ
′
11n and functions f
mµ′
1n (θ), from eq. (28) we obtain:
d p˜M1
sin θ dθ
= −3
8
√
1
pi
· J(1, 1) · sin2 θ cos θ,
d p˜E1
sin θ dθ
= i
1
8
√
pi
sin2 θ
{√
2 · J(1, 0) + J(1, 2) ·
(
1− 3 sin2 θ
)}
.
(30)
Integrating these expressions over angle θ, we find the integral matrix elements:
p˜M1 = 0, p˜
E
1 = i
1
6
√
2
pi
·
{
J(1, 0)− 7
10
√
2 · J(1, 2)
}
. (31)
2.5 Angular probability of emission of photon with impulse k and polarization
e(α)
I define the probability of transition of the system for time unit from the initial i-state into the final f -states,
being in the given interval dνf , with emission of photon with possible impulses inside the given interval dνph,
6
so (see Ref. [45], (42,5) § 42, p. 189; Ref. [47], § 44, p. 191):
dW =
|afi|2
T
· dν = 2pi |Ffi|2 δ(wf − wi + w) · dν,
dν = dνf · dνph, dνph = d
3k
(2pi)3
=
w2 dw dΩph
(2pic)3
,
(32)
where dνph and dνf are intervals defined for photon and particle in the final f -state, dΩph = d cos θph =
sin θph dθph dϕph, kph = w/c. Ffi is integral over space with summation by quantum numbers of the system
in the final f -state. Such procedure is averaging by these characteristics and, so, Ffi is independent on them.
Interval d νf has only new characteristics and quantum numbers, by which integration and summation in Ffi
was not performed. Integrating eq. (32) over dw and substituting eq. (2), we find:
dW =
Z2eff e
2
m2
h¯ wfi
2pi c3
∣∣∣p(ki, kf )∣∣∣2 dΩph dνf , wfi = wi − wf = Ei − Ef
h¯
. (33)
This is the probability of the photon emission with impulse k (and with averaging by polarization e(α)) where
the integration over angles of the particle motion after the photon emission has already fulfilled.
I define the following probability of emission of photon with momentum kph when after such emission the
particle moves (or tunnels) along direction nfr : differential probability concerning angle θ is such a function,
definite integral of which over the angle θ with limits from 0 to pi equals to the total probability of the photon
emission (33). Let us consider function:
dW (θf )
dΩph d cos θf
=
Z2eff h¯ e
2
2pi c3
wfi
m2
{
p (ki, kf )
d p∗(ki, kf , θf )
d cos θf
+ h.e.
}
. (34)
This probability is inversely proportional to normalized volume V . With a purpose to have the probability
independent on V , I divide eq. (34) on flux j of outgoing α-particles, which is inversely proportional to this
volume V also. Using quantum field theory approach (where v(p) = |p|/p0 at c = 1, see [44], § 21.4, p. 174):
j = ni v(pi), vi = |vi| = c
2 |pi|
Ei
=
h¯ c2 ki
Ei
, (35)
where ni is average number of particles in time unit before photon emission (we have ni = 1 for the normalized
wave function in the initial i-state), v(pi) is module of velocity of outgoing particle in the frame system where
colliding center is not moved, I obtain the differential absolute probability (while let’s name dW as the relative
probability):
dP (ϕf , θf )
dΩph d cos θf
=
dW (ϕf , θf )
dΩph d cos θf
· Ei
h¯ c2 ki
=
=
Z2eff e
2
2pi c5
wph Ei
m2 ki
{
p (ki, kf )
d p∗(ki, kf ,Ωf )
d cos θf
+ h.e.
}
.
(36)
Note that alternative theoretical way for calculations of the angular bremsstrahlung probabilities in α-decays
was developed in [20] based on different definition of the angular probability, different connection of the matrix
element with the angle θ between fragment and photon emitted, application of some approximations.
Let us find the bremsstrahlung probability at the first values li = 0, lf = 1 and lph = 1. Starting from
eqs. (12) and (13), and using the found differential and integral electrical and magnetic components (30) and
(31), I calculate:
p˜1 (ki, kf ) = −i
√
1
3
·
{
J(1, 0)− 7
10
√
2 · J(1, 2)
}
,
d p˜1 (ki, kf )
sin θ dθ
= i
√
6
8
·
{
3 J(1, 1) · cos θ −
√
2 J(1, 0) −
− J(1, 2) ·
(
1− 3 sin2 θ
)}
· sin2 θ
(37)
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and from eq. (36) I obtain the absolute angular probability:
dPE1+M11 (θf )
dΩph d cos θf
=
Z2eff e
2
8 pi c5
wfi
m2
Ei
ki
{[
J(1, 0)− 7
10
√
2 · J(1, 2)
]
×
×
[
J∗(1, 0) +
1√
2
J∗(1, 2) ·
(
1− 3 sin2 θ
)
−
− 3√
2
J∗(1, 1) · cos θ
]
+ h.e.
}
· sin2 θ.
(38)
2.6 Proton–nucleus potential
In order to describe the proton-decay, we need to determine the wave function of a nucleus consisting of a single
proton interacting with a residual core. To describe the proton interacting with the spherically symmetric core
we shall use the single-particle potential in standard optical model
V (r) = vc(r) + vN (r) + vso(r) + vl(r), (39)
where vc(r), vN (r), vso(r) and vl(r) are Coulomb, nuclear, spin-orbital and centrifugal components given form
in famous paper [48] (see eqs. (5) in the cited paper) as
vN (r) = − VR
1 + exp
r −RR
aR
, vl(r) =
l (l + 1)
2mr2
,
vso(r) = Vso q · l λ
2
pi
r
d
dr
[
1 + exp
(r −Rso
aso
)]−1
,
vc(r) =


Ze2
r
, at r ≥ Rc,
Ze2
2Rc
{
3− r
2
R2c
}
, at r < Rc.
(40)
Here, VR and Vso are strength of nuclear and spin-orbital components defined in MeV as (see eq. (8) in [48])
VR = 54.0− 0.32E + 0.4Z/A1/3 + 24.0 I, Vso = 6.2, (41)
where I = (N −Z)/A, A and Z are mass and proton numbers of the daughter nucleus, E is incident lab energy.
Rc and RR are Coulomb and nuclear radiuses of nucleus, aR and aso are diffusion parameters. In calculations
I use (all parameters are defined in [48]):
RR = rR A
1/3, Rc = rcA
1/3, Rso = rso A
1/3, aR = 0.75 fm,
rR = 1.17 fm, rc = 1.22 fm, rso = 1.01 fm, aso = 0.75 fm.
(42)
3 Results
Let us estimate the bremsstrahlung probability accompanying the proton-decay. I calculate the bremsstrahlung
probability by eq. (38) for li = 0 or by eq. (36) for li 6= 0. The potential of interaction between the proton and
the daughter nucleus is defined in eqs. (39)–(40) with parameters calculated by eqs. (41)–(42). To choose the
convenient proton-emitters for calculations and analysis, I used systematics presented in Ref. [49] (see Table
II in the cited paper) and selected the 157Ta, 161Re, 167Ir and 185Bi nuclei decaying from the 2s1/2 state (i.e.
at li = 0), the
109
53 I56,
112
55 Cs57 nuclei decaying from the 1d5/2 state and the
146
69 Tm77,
151
71 Lu80 nuclei decaying
from the 0h11/2 state (in order to analyze practical effectiveness of the model and convergence of calculations
at li 6= 0). The wave functions of the decaying system in the states before and after the photon emission are
calculated concerning such potential in the spherically symmetric approximation.
The result of calculations of the bremsstrahlung probabilities during proton decay of the nuclei pointed out
above from from the initial state 1s1/2 (at the chosen angle θ = 90
◦ between the directions of the proton motion
(with its possible tunneling) and the photon emission) are presented in Fig. 1. In Table 1 one can see some
parameters for such studied nuclei. From here one can find that the different proton-emitters have practically
similar effective charges, but different essentially tunneling regions. These difference between tunneling regions
explain difference between the bremsstrahlung probabilities for such nuclei (that one can see in Fig. 1 (a)).
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Figure 1: The bremsstrahlung during proton decay of the 157Ta, 161Re, 167Ir and 185Bi nuclei decaying from the 2s1/2
state (at the chosen angle θ = 90◦): (a) the absolute bremsstrahlung probabilities for these nuclei have the different
trends that is explained by different tunneling regions for them, (b) the proton-nucleus potentials for these nuclei are
similar practically.
Proton decay data Parameters Turning points Tunneling
Nucleus Qp, keV T
WKB
1/2 , sec RR, fm VR, MeV 1-st, fm 2-nd, fm region, fm E
2
eff
157
73 Ta83 947 210 ms 6.29 -60.89 7.25 110.96 103.71 0.286259
161
75 Re86 1214 180 µs 6.3517 -60.8638 7.32 88.96 81.64 0.285328
167
77 Ir90 1086 35 ms 6.3912 -61.0585 7.32 100.79 93.46 0.287924
185
83 Bi98 1611 3.1 µs 6.6546 -61.8599 7.56 74.28 66.72 0.303988
Table 1: Parameters of the proton emitters decaying from the 2s1/2 state (E
2
eff is square of effective charge):
one can see that these nuclei have similar effective charges but different Q-values and tunneling regions. This
explains the different trends of the spectra presented in Fig. 1 (a).
9
Calculations of the bremsstrahlung probabilities for the case of li 6= 0 are essentially more complicated.
Results of such calculations for the 10953 I56,
112
55 Cs57 nuclei decaying from the 1d5/2 state and the
146
69 Tm77,
151
71 Lu80 nuclei decaying from the 0h11/2 state are presented in next Fig. 2 (at angle θ = 90
◦). One can see that
these spectra have similar orders as results for the previous case at li = 0. According to analysis, inclusion of
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Figure 2: (a) The bremsstrahlung accompanying proton decay of the 109I and 112Cs nuclei from the state 1d5/2 (at
θ = 90◦); (b) the bremsstrahlung accompanying proton decay of the 146Tm and 151Lu nuclei from the state 0h11/2 (at
θ = 90◦).
the spin-orbital component vso into the total potential (39) changes the resulting probability less than 1 percent
(practically, 3-rd or 4-th digit in spectrum is changed; such spin-orbital influence on the spectrum has been
estimated for the first time in the tasks of the bremsstrahlung during different types of nuclear decays). In next
Fig. 3 angular distribution of the bremsstrahlung probability is presented. In particular, one can see that we
obtain convergent calculations of angular integrals and the spectra at li 6= 0.
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Figure 3: The bremsstrahlung probability during proton decay of the 185Bi (from the state 2s1/2) and
109I (from the
state 1d5/2) nuclei in dependence on the θ angle between direction of motion (with possible tunneling) of proton and
direction of the emission of photon. In these figures different curves correspond to different energies of energy of the
photon emitted.
4 Conclusion
In the paper the emission of the bremsstrahlung photons accompanying the proton decay of nuclei, is studied (for
the first time, in systematic basis). The new improved multipolar model describing such a process is presented.
The angular formalism of calculations of the matrix elements is stated in details. The absolute bremsstrahlung
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probabilities for the 157Ta, 161Re, 167Ir and 185Bi nuclei decaying from the 2s1/2 state (i.e. at li = 0), the
109
53 I56
and 11255 Cs57 nuclei decaying from the 1d5/2 state (i.e. at li = 2), the
146
69 Tm77 and
151
71 Lu80 nuclei decaying from
the 0h11/2 state (i.e. at li = 5) are predicted. Such spectra have orders of values similar to the experimental
spectra of the bremsstrahlung photons emitted during the α-decay (see [4, 5, 19, 21, 22]). It needs to note that
arsenal of experimental measurements of the bremsstrahlung emission during different types of nuclear decays
is not rich. A serious difficulty in obtaining of desirable accuracy in measurements lies in small values of the
photon emission probability. One can hope that the presented theoretical estimations of the bremsstrahlung
spectra indicate on the new possibility to perform further measurements and to study bremsstrahlung photons
during proton decay experimentally.
A Angular integrals at arbitrary li
Let us calculate angular integrals:
IM (li, lf , lph, l1) =
∑
µ=±1
∑
mi
∑
mf
µhµ
∫
Y ∗lfmf (n
f
r )Tli l1,mi(n
i
r)T
∗
lph lph, µ(nph) dΩ,
IE (li, lf , lph, l1, l2) =
∑
µ=±1
∑
mi
∑
mf
hµ
∫
Y ∗lfmf (n
f
r )Tlil1,mi(n
i
r)T
∗
lphl2, µ(nph) dΩ,
(43)
Substituting the functions Tjl,m(n) in form (10), we obtain:
IM (li, lf , lph, l1) =
∑
µ=±1
∑
mimf
µhµ
∑
µ′=±1
(l1, 1, li
∣∣mi − µ′, µ′,mi) ×
× (lph, 1, lph
∣∣µ− µ′, µ′, µ) ∫ Y ∗lfm(nfr ) · Yl1,mi−µ′(nir) · Y ∗lph, µ−µ′(nph) dΩ,
IE (li, lf , lph, l1, l2) =
∑
µ=±1
∑
mimf
hµ
∑
µ′=±1
(l1, 1, li
∣∣mi − µ′, µ′,mi)
×(l2, 1, lph
∣∣µ− µ′, µ′, µ) ∫ Y ∗lfm(nfr ) · Yl1,mi−µ′(nir) · Y ∗l2, µ−µ′ (nph) dΩ.
(44)
Here we have used the orthogonality condition for vectors ξ±1 (ξ0 = 0).
Taking into account different variants of definition of spherical functions Ylm(θ, ϕ), we define them according
to [45] (see. p. 119, (28,7)–(28,8)):
Ylm(θ, ϕ) = (−1)
m+|m|
2 il
√
2l+ 1
4pi
(l − |m|)!
(l + |m|)! P
|m|
l (cos θ) · eimϕ, (45)
where Pml (cos θ) are associated Legandre’s polynomials. Rewrite the angular integral in (44) as∫
Y ∗lfmf (nr)Yl1,mi−µ′(nr)Y
∗
n, µ−µ′ (nr) dΩ =
= (−1)
mf+|mf |+mi−µ
′+|mi−µ
′|+µ−µ′+|µ−µ′|
2 (−1)lf+n ilf+l1+n×
×
√
2lf + 1
4pi
(lf − |mf |)!
(lf + |mf |)!
√
2l1 + 1
4pi
(l1 − |mi − µ′|)!
(l1 + |mi − µ′|)!
√
2n+ 1
4pi
(n− |µ− µ′|)!
(n+ |µ− µ′|)! ×
×
2pi∫
0
ei(−mf+mi−µ
′−µ+µ′)ϕ dϕ ·
pi∫
0
P
|mf |
lf
(cos θ) P
|mi−µ
′|
l1
(cos θ) P |µ−µ
′|
n (cos θ) · sin θ dθ.
(46)
Integral over ϕ in this expression is different from zero only in case
µ = mi −mf . (47)
So, we obtain the following restrictions:
n ≥ |µ− µ′| = |mi −mf + µ′|, µ = ±1. (48)
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Using it, we find:∫
Y ∗lfmf (nr)Yl1,mi−µ′(nr)Y
∗
n, µ−µ′ (nr) dΩ =
= (−1)lf+n+mi−µ′ ilf+l1+n+|mf |+|mi−µ′|+|mi−mf−µ′| ×
×
√
(2lf + 1) (2l1 + 1) (2n+ 1)
16pi
(lf − |mf |)!
(lf + |mf |)!
(l1 − |mi − µ′|)!
(l1 + |mi − µ′|)!
(n− |mi −mf − µ′|)!
(n+ |mi −mf − µ′|)! ×
×
pi∫
0
P
|mf |
lf
(cos θ) P
|mi−µ
′|
l1
(cos θ) P
|mi−mf−µ
′|
n (cos θ) · sin θ dθ.
(49)
Now we introduce the following generalized coefficient
C
mimfµ
′
lilf lphl1l2
= (−1)lf+l2+mi−µ′ ilf+l1+l2+|mf |+|mi−µ′|+|mi−mf−µ′| ×
× (l1, 1, li
∣∣mi − µ′, µ′,mi) (l2, 1, lph ∣∣mi −mf − µ′, µ′,mi −mf ) ×
×
√
(2lf + 1) (2l1 + 1) (2l2 + 1)
16pi
(lf − |mf |)!
(lf + |mf |)!
(l1 − |mi − µ′|)!
(l1 + |mi − µ′|)!
(l2 − |mi −mf − µ′|)!
(l2 + |mi −mf − µ′|)!
(50)
and function
f
mimfµ
′
lf l1l2
(θ) = P
|mf |
lf
(cos θ) P
|mi−µ
′|
l1
(cos θ) P
|mi−mf−µ
′|
l2
(cos θ). (51)
In result, we obtain the following expressions for angular integrals IM and IE :
IM (li, lf , lph, l1) =
∑
mimf
(mi −mf )hmi−mf
∑
µ′=±1
C
mimfµ
′
lilf lphl1lph
pi∫
0
f
mimfµ
′
lf l1lph
(θ) sin θ dθ,
IE (li, lf , lph, l1, l2) =
∑
mimf
hmi−mf
∑
µ′=±1
C
mimfµ
′
lilf lphl1l2
pi∫
0
f
mimfµ
′
lf l1l2
(θ) sin θ dθ.
(52)
We also define differential functions form these angular integrals by angle θ so:
d IM (li, lf , lph, l1)
sin θ dθ
=
∑
mimf
(mi −mf)hmi−mf
∑
µ′=±1
C
mimfµ
′
lilf lphl1lph
· fmimfµ
′
lf l1lph
(θ),
d IE (li, lf , lph, l1, l2)
sin θ dθ
=
∑
mimf
hmi−mf
∑
µ′=±1
C
mimfµ
′
lilf lphl1l2
· fmimfµ
′
lf l1l2
(θ).
(53)
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